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Abstract
We perform a nonrelativistic contraction of N -extended Poincare´
superalgebra with internal symmetry U(N) and general set of N(N −
1) real central charges. We show that for even N = 2k and partic-
ular choice of the dependence of Zij on light velocity c one gets the
N -extended Galilei superalgebra with unchanged number of central
charges and compact internal symmetry algebra U(k;H) = USp(2k).
The Hamiltonian positivity condition is modified only by one central
charge. If we put all the central charges equal to zero one gets the 2k-
extended Galilei superalgebra as the subalgebra of recently introduced
extended Galilei conformal superalgebra [1, 2].
1 Introduction
The Galilean symmetry is the fundamental geometric property of the non-
relativistic systems. For the description of quantized massive d-dimensional
nonrelativistic systems one uses the Galilean projective representations (see
e.g. [3]), obtained in the presence of central extension of D = d + 1 Galilei
algebra. Such centrally extended Galilei algebra is called quantum Galilei or
Bargmann algebra. The case D = 2 + 1 is a special one, it permits to add
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second “exotic” central charge θ [4, 5], introducing the noncommutativity of
two-dimensional Galilean boosts generators1.
In this paper we derive the most general supersymmetric extension of
D = 3+ 1 Galilei algebra. We recall that d = 3 Galilei algebra has the form
(i, j, k = 1, 2, 3)
[Pi, Bj ] = i δijm [Pi, Pj] = [Bi, Bj] = 0
[Ii, Ij] = i εijk Ik
[Ii, Pj] = i εijk Pk [Ii, Bj ] = i εijkBk
[H,Bi] = i Pi [H, Ii] = [H,Pi] = 0 , (1)
where Pi describe momenta, Bi - Galilean boosts, H - the energy operator
(Hamiltonian) and Ii generate O(3) rotations. It is well-known that the
Galilei algebra (1) can be obtained from D = 4 Poincare´ algebra (Pµ =
(Pi, P0), Mµν = (Mi, Ni)) by the relativistic contraction c → ∞ [7] if we
perform the following c-dependent rescaling (Pi,Mi remain unchanged)
Ni = cBi P0 = cm0 +
H
c
. (2)
In this paper we shall extend such a contraction procedure to the N -
extended D = 4 superPoincare´ algebra with maximal number of N(N − 1)
real central charges [8, 9]. In derived N -extended Galilei superalgebra the
generators (H,Pi, Bi) and the N(N−1) real central charges can be expressed
as bilinears of supercharges. We add that such superalgebra we could derive
our superalgebra only for even N (N = 2k).
The first attempt of supersymmetrizing the D = 3 + 1 Galilei algebra
was made by Puzalowski [10], who considered N = 1 and N = 2 cases. We
recall that already in seventies the Galilean symmetries were extended to so-
called Schro¨dinger symmetries of free quantum-mechanical systems [11, 12]
by supplementing Galilei algebra with two additional generators: D (dilata-
tions) and K (extensions, describing conformal time transformations). The
Schro¨dinger algebra was then supersymmetrized (see e.g. [13]–[19]) and in
1In [6] it was shown that the second central charge θ can be interpreted as describing
the noncommutativity of d = 2 space coordinates.
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such a case the Galilei superalgebra can be obtained as the sub-superalgebra.
However in such a way the N -extended supersymmetrization of D = 3 + 1
Galilei algebra has not been described in its general form, because the pres-
ence of additional generators D,K in Schro¨dinger superalgebra does not per-
mit to introduce all central charges, allowed by SUSY extension of smaller
Galilei algebra. The general consideration of the supersymmetrization of
Galilei algebras has been presented only for “exotic” D = 2 + 1 case in [20].
In this paper we shall firstly obtain the complete results in the ”physical”
case D = 3 + 1.
Firstly in Sect. 2 we shall recall, using real Majorana representation, the
N -extended D = 4 Poincare´ algebra as expressed in terms of projected su-
percharges. In Sect. 3 we introduce for even N (N = 2k) the projected
supercharges, which before the contraction are rescaled by powers of c in ho-
mogeneous way. In Sect. 4 we shall perform the nonrelativistic contraction
limit c → ∞ providing the supersymmetrization of seven Galilean genera-
tors, H,Pi, Bi and all central charges. We show as well how in the presence
of arbitrary Galilean central charges the Hamiltonian positivity condition is
modified. In final Sect. 5 we consider the link with recently derived Galilei
conformal supalgebra [1, 2], simplification of central charges sector by chang-
ing by similarity transformation the U(N) basis of supercharges, and we
provide remarks about the Galilean tensorial central charges. We stress that
our calculations can be performed as well in complex Weyl supercharges ba-
sis, and we plan to use it in the future discussion of the realizations of Galilei
superalgebra with central charges.
We add that recently there were considered the nonrelativistic super-p-
branes [21, 22] and supersymmetric D-branes [23]. Following the relativistic
considerations (see e.g. [24]) one can conjecture that the nonrelativistic cen-
tral charged should be associated with topological defects, e.g. with vortices
(superstrings) or domain walls (supermembranes).
2 Relativistic D=4 Extended Poincare´ Super-
algebras with Central Charges
The general N -extended D=4 Poincare´ superalgebra in real Majorana for-
mulation is described by
i) 4N real supercharges QrA (r = 1, . . .N, A = 1 . . . 4)
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ii) Poincare´ algebra generators Pµ = (P0, Pi), Mµν = (Mi =
1
2
εijkMjk,
Ni =Mi0)
iii) Internal U(N) symmetry generators represented by a pair of symmet-
ric (T rs(s) = T
sr
(s)) and antisymmetric (T
rs
(a) = −T sr(a)) sets of anti-Hermitean
generators, satisfying the relations
[T sr(S), T
tu
(S)] = δ
rtT su(A) + δ
stT ru(A) + δ
suT rt(A) + δ
ruT st(A)
[T sr(S), T
tu
(A)] = δ
suT rt(S) + δ
ruT st(S) − δstT ru(S) − δrtT su(S)
[T sr(A), T
tu
(A)] = δ
rtT su(A) − δstT ru(A) + δsuT rt(A) − δruT st(A) .
(3)
One can check that the axial generator A = T rr(S) commutes with T
rs
(S), T
rs
(A)
and can be separated out (U(N) = SU(N)⊕U(1)); the traceless generators
T˜ rs(S) = T
rs − 1
N
δrsA and T rs(A) describe then the internal symmetry SU(N).
iv) The set of N(N − 1) real central charges Xrs = −Xsr, Y rs = −Y sr.
The basic N -extended SUSY relation has the following form (see e.g. [9])
{QrA, QsB} = δrs(γµC)AB Pµ +XrsCAB + Y rs(γ5C)AB , (4)
where we use real Majorana realization of Dirac matrices satisfying the rela-
tions
γi = γ
T
i C = γ0 = −γT0 γ5 = −γT5 . (5)
The bosonic-fermionic sector of the superalgebra (covariance relations) looks
as follows:
[Pµ, Q
r
A] = 0
[Mµν , Q
r
A] = −12(σµν)AB QrB (6a)
[T rs(S), Q
t
A] = (γ5)
B
A (τ
rs
(S) )
t
uQ
u
B
[T rs(A), Q
t
A] = (τ
rs
(A) )
t
uQ
u
A (6b)
[Xrs, QtA] = [Y
rs, QtA] = 0 , (6c)
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where the N ×N matrices τ rs(S), τ rs(A) are the fundamental matrix realizations
of algebra (3).
The Abelian charges Xrs, Y rs form the tensorial (2, 0) representation of
internal symmetry U(N). Introducing complex generators
T rs = T rs(S) + i T
rs
(A) Z
rs = Xrs + i Y rs , (7)
one gets the standard covariance relations for the holomorphic (2, 0)−U(N)
tensors
[T rs, Ztu] = δrt Zsu + δst Zru − δru Zst − δsu Zrt . (8)
If we assume that the central charges Zrs are described by a numerical
matrix Zrs(0), their presence breaks internal U(N) symmetry. For a definite
configuration of numerical values of Zrs(0) one can determine the residual in-
ternal symmetry with the generators commuting with the constant matrix
of central charges. (see e.g. [25]).
3 Projection Procedure and New Form of N-
extended D=4 Poincare´ Algebra
Before performing the nonrelativistic contraction c → ∞ we shall introduce
the projected supercharges. We shall use the following projection operators
(see also [1])
P rs±AB =
1
2
(δrs δAB + Ω
rs Cαβ) , (9)
where Ωrs = −Ωsr and Ω2 = −1. Because C2 = −1 we get the required
projector properties
P rs±AB P
st
±BC = P
rt
±AC P
rs
±AB P
st
∓BC = 0 . (10)
If we define projected supercharges as follows (r, s = 1 . . . N = 2k)
Q r±A = P
rs
±AB Q
s
B , (11)
from (4) we get
{
Q r±A, Q
s
±B
}
= P rs±AB P0 + P
rt
±AC
(
CCBX
ts
+ + (γ5C)CB Y
ts
−
)
(12a)
{
Q r+A, Q
s
−B
}
= P rs+AC(γ
i C)CB Pi + P
rt
+AC
(
CCBX
ts
− + (γ5C)CB Y
ts
+
)
(12b)
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where
X±Ω = ±ΩX± Y±Ω = ±ΩY± , (13)
or more explicitly (for Y± the formulae are analogous)
X+ =
(
A B
−B A
)
X− =
(
A B˜
B˜ −A
)
(14)
where A = −AT , B = BT , B˜ = −B˜T are k× k matrix blocks and dimX+ =
k2, dimX− = k(k − 1).
The nonvanishing commutators with projected supercharges following
from relations (6) are
[Mµν , Q
r
±A] = −12(σµν) BA Q r±B
[T rs+(S), Q
t
±A] = (γ5)
B
A (τ
rs
+(S) )
t
uQ
u
∓B
[T rs
−(S), Q
t
±A] = (γ5)
B
A (τ
rs
−(S) )
t
uQ
u
±B
[T+(A), Q
t
±A] = (τ
rs
+(A) )
t
uQ
u
±A
[T−(A), Q
t
±A] = (τ
rs
−(A) )
t
uQ
u
∓A ,
(15)
where T rs(S) = T
rs
+(S) + T
rs
−(S), T
rs
(A) = T
rs
−(A) + T
rs
+(A), and
T±(S)Ω = ±ΩT±(S) T±(A) Ω = ±ΩT±(A) . (16)
The relations (16) imply that
Ω ·H = −HT Ω H = (T−(S), T+(A)) (17a)
Ω ·K = −KT Ω K = (T+(S), T−(A)) . (17b)
The symplectic condition (17a) restricts the N ×N (N = 2k) matrix realiza-
tions of the U(2k) generators to the subalgebra USp(2k) = U(2k) ∩ Sp(2k),
i.e.
H = usp(2k) ≃ U(k;H) K = U(2k)
U(k;H)
. (18)
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The pair (18) describes the symmetric Riemannian pair (H,K) satisfying the
relations
[H,H] ⊂ H [H,K] ⊂ K [K,K] ⊂ H . (19)
We obtain as well (Qr+A ⊂ Q±)
[H,Q±] ⊂ Q±
[K,Q±] ⊂ Q∓ . (20)
The 2k(2k − 1) central charges Z = (Xrs, Y rs) are split into the following
two sets
Z1 = (X
ts
+ , Y
ts
− ) Z2 = (X
ts
− , Y
ts
+ ) , (21)
both with equal dimensionality 2(2k − 1). We see from (12a–12b) that the
central charges Z1 occur in the anticommutator {Q±, Q±}, and Z2 in the
anticommutator {Q±, Q∓}.
The supercharges (11) due to the relation (10) satisfy the constraints
P rs∓AB Q
s
±B = 0 . (22)
Choosing in (9–11)
Ω =
(
0 1k
−1k 0
)
(23)
one can express (22) as the following relation between the 2k components of
Q r± :
Qk+i±A = ∓(γ0)AB Qi±B (i = 1 . . . k) , (24)
where we inserted C = γ0. We see therefore that in the algebraic rela-
tions (12a–12b) the independent components are described by indices r, s =
1, 2 . . . k.
4 Nonrelativistic Contraction Procedure and
the Extended Galilei Superalgebras
In previous section we prepared the algebraic framework convenient for ob-
taining the finite nonrelativistic c→∞ limit.
Let us supplement the rescalings (2) by the following ones (see also [26])
Q r+A =
1√
c
Q˜ rA Q
r
−A =
√
c S˜ rA . (25)
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Introducing the split
Xrs+ = Z Ω
rs + X˜ rs+ (26)
we postulate further
Z = −1
2
m0 c+
1
2c
U +O(
1
c2
)
X˜rs+ =
1
c
U rs+ +O(
1
c2
)
Y rs− =
1
c
U rs− +O(
1
c2
) (27)
and assume that (Xrs− , Y
rs
+ ) have the finite c → ∞ limits (V rs− , V rs+ ). Using
the identities
P rt±AC CCB Ω
ts = ± 2P rs±AB (28)
we obtain from (12a,12b) in the limit c → ∞ the following basic Galilei
superalgebra relations{
Q˜rA, Q˜
s
B
}
= P rs+AB(H + U) + P
rt
+AC
(
CCB U
rt
+ + (γ5C)CB U
rt
−
)
(29a)
{
Q˜rA, S˜
s
B
}
= P rs+AC(γ
i C)CB Bi + P
rt
+AC
(
CCB V
ts
− + (γ5C)CB V
ts
+
)
(29b)
{
S˜rA, S˜
s
B
}
= P rs−AB · 2m0 . (29c)
The consistent c→∞ limit of (15) requires that the generators (18) are
rescaled as follows:
H = H˜ K = c K˜ . (30)
One obtains
[Mi, Q˜
r
A] = −12(σi) BA Q˜rB
[Mi, S˜
r
A] = −12(σi) BA S˜ rB (31a)
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[Bi, Q˜
r
A] = [Bi, S˜
r
A] = 0 (31b)
[T˜ rs−(S), Q˜
t
A] = (γ5)
B
A (τ
rs
−(S) )
t
u Q˜
u
B
[T˜ rs−(S), S˜
t
A] = (γ5)
B
A (τ
rs
−(S) )
t
u S˜
u
B
[T˜ rs+(A), Q˜
t
A] = (τ
rs
+(A) )
t
u Q˜
u
A
[T˜ rs+(A), S˜
t
A] = (τ
rs
+(A) )
t
u S˜
u
A (31c)
[T˜ rs+(S), Q˜
t
A] = [T˜
rs
+(S), S˜
t
A] = 0
[T˜ rs−(A), Q˜
t
A] = [T˜
rs
−(A), S˜
t
A] = 0 . (31d)
Using the relations (19) we obtain after the contraction c→∞ that
H˜ ∈ USp(2k) ≃ U(k,H) (32)
and the generators K˜ become Abelian, transforming as the linear represen-
tation of the internal symmetry algebra H˜.
Because [H˜, K˜] ∼ K˜ are the only nonvanishing commutators of the con-
tracted generators K˜, one can consistently remove these generators from the
Galilei superalgebra G(2k), which can be described as the semidirect product
G(2k) = (O(3)⊕ U(k;H))⋉ A˜ (33)
where A˜ is the superalgebra described by the relations (29a–29c). Using the
consequences of the formulae (9), (13) and (14)
tr
(
P rs±AB
)
= 4N tr(ΩU+) = 0 (34)
one obtains that
H + U =
1
4N
Q˜rA Q˜
r
A ≥ 0 (35)
and
m0 =
1
8N
S˜ rA S˜
r
A ≥ 0 . (36)
The relation (35) describes the generalization of the energy positivity condi-
tion in the presence of general central charges.
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5 Final Remarks
The aim of this paper is to present the most general extended Galilei su-
peralgebra in D=4. The supersymmetrization is obtained by nonrelativistic
contraction of N -extended Poincare´ superalgebra for even N = 2k. The ne-
cessity of even N can be explained if we observe that the compact Galilean
internal symmetry is described by quaternionic algebra U(k;H) = USp(2k)
which requires even number of complex supercharges. Also it should be
mentioned that for N = 2k we are able to supersymmetrize (i.e. express as
bilinear expression in terms of supercharges) the seven-dimensional Abelian
subalgebra (H,Pi, Bi) of D=4 Galilei algebra (see (1)) as well as Abelian
central charges. We conjecture that such full supersymmetrization requires
N = 2k. 2
In relation with presented algebraic structure of D=4 2k-extended Galilei
superalgebra we have the following comments:
i) If we put all central charges equal to zero it can be checked that the
extended Galilei superalgebra can be obtained as the sub-superalgebra of
extended Galilei conformal superalgebra [1, 2]. Such sub-superalgebra can
be obtained by considering only half of Galilean conformal supercharges,
and putting the generators D (dilatations), K (expansions) and Fi (Galilean
conformal translations describing constant accelerations) equal to zero. It
can be recalled that in both Galilei and Galilei conformal superalgebras the
internal compact symmetries are described by the algebra U(k;H).
ii) An interesting task is to consider the Hilbert space realizations of
extended Galilei superalgebras with central charges. Before this task one
can consider the unitary transformations U(k) putting the antisymmetric
Galilean central charges U rs = −Usr, V rs = −V sr in Jordanian form
U rs = (i σ2)⊗ diag (u1, . . . uk)
V rs = (i σ2)⊗ diag(v1 . . . vk)
(37)
For studying the realizations it is more convenient to consider the su-
peralgebra (29a–29c) written in terms of two-component complex (Weyl)
2An argument in this favour is provided by an effort of obtaining N = 1 supersym-
metrization of Galilei conformal algebra [24] which does not lead to Hamiltonian as bilinear
form in terms of supercharges.
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supercharges3. It is interesting, following the discussion of relativistic case
(see e.g. [25]), to consider the structure of nonrelativistic particle states in
the presence of central charges e.g. if N = 4 (k = 2) and N = 8 (k = 4).
iii)We restricted our considerations to the case with scalar central charges
[8], however recently, following the importance of D = 11 M-algebra, there
were considered generalized D=4 superalgebras with tensorial central charges
(see e.g. [27, 28]). These generalized space-time algebras should have also the
nonrelativistic c→∞ limit related with nonrelativistic superstrings [21, 22]
and supermembranes [23].
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